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We show that every uniform hypergraph H of size being a multiple of a positive 
integer k can be decomposed into k-edge d-systems provided that H contains a 
matching of sufficiently large, but independent of parameters of H, size. ‘i” 1989 
Academic Press, Inc. 
In general, we follow the terminology of [3]. For a hypergraph H we 
denote the set of vertices of H by V(H), the set of edges of H by b(H), the 
number of edges of H by e(H) and the maximum degree of a vertex in H 
(i.e., the maximum number of edges containing a single vertex) by d(H). 
An n-uniform hypergraph F, e(F) > 2, is said to be a d-system if there is 
a set Kc V(F) such that A n B = K, for every A, BE b(F), A # B. The set 
K is called the kernel of F. By a matching we mean a d-system with an 
empty kernel. 
Since the paper of Erdiis and Rado [4] in 1960, d-systems have received 
a considerable interest in the theory of hypergraphs. Among others, it 
turned out that d-systems play a crucial role in decompositions of uniform 
hypergraphs. 
Hypergraphs H,, . . . . HP form a decomposition of H if there is a partition 
of the edge set b(H) into pairwise disjoint, nonempty sets S,, . . . . G”, such 
that (U c$,c$) = H,, for i= 1, . . . . p. Let 2 be a family of hypergraphs. A 
decomposition of H is called an X-decomposition if each hypergraph in this 
decomposition is isomorphic to a member of 2. 
Some problems concerning decompositions of complete uniform hyper- 
graphs into special types of d-systems were considered by several authors 
(cf. [l, 2, 7, 9-111). 
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Lone and Truszczynski [S] considered the following problem: determine 
a minimum family of n-uniform, k-edge hypergraphs %n;7r.k such that all, 
except for finitely many, n-uniform hypergraphs of size being a multiple of 
k have %“3k -decompositions. They proved that the family %“,k consists of all 
n-uniform, k-edge d-systems and a certain number of hypergraphs of struc- 
ture very close to the structure of d-systems. Therefore, it seems that 
d-systems play a role of “bricks” in hypergraph decompositions. In view of 
this, it would be interesting to characterize the family of gn,,-decomposable 
hypergraphs, where C@,k is the family of all n-uniform, k-edge d-systems. 
Unfortunately, this task seems to be hopeless. Favaron et al. [S] found the 
characterization in the simplest, nontrivial case n = 2 (i.e., for graphs) and 
k = 3. The family of gl,,-decomposable graphs turned out to be very com- 
plicated. However, it easily follows from the result of Favaron er al. [S] 
that every graph G of size being a multiple of 3 which is not &,-decom- 
posable has the matching number v(G) less than 5 (the matching number of 
a uniform hypergraph H is the size of the largest matching in H). 
In this note we show that every n-uniform hypergraph H of size being a 
multiple of k such that its matching number is greater than a certain inde- 
pendent of parameters of H number has a gn,,-decomposition. 
More precisely, we prove the following theorem. 
THEOREM. If H is an n-uniform hypergraph of size being a multiple of k 
and 
v(H) B n! k(k - 1 )“- ’ (1) 
then H has a 9”,,-decomposition. 
To prove this theorem we need some lemmas. 
LEMMA 1 (Erdiis and Rado [4]). There is an integer cp(n, k) d 
n! (k - 1)” such that every n-uniform hypergraph of size at least cp(n, k) 
contains a A-system of size k. 
LEMMA 2 (Hajnal and Szemeredi [6]). Let G be a graph and let m be 
an integer. Zf m > A(G) + 1 then there is a partition of the set V(G) into m 
independent sets of almost equal cardinalities. 
(The sets X,, . . . . X, are said to have almost equal cardinalities if 
1 lXil - IX,/ 1 < 1, for i,j= 1, . . . . p.) 
LEMMA 3. Let H be an n-uniform hypergraph and let m be an integer. If 
m 2 n A(H) then H can be decomposed into m matchings of almost equal 
sizes. 
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Proof: Let G be the intersection graph for H, i.e., V(G) = b(H) and two 
vertices in G form an edge if the corresponding edges in H intersect. 
Obviously, d(G) < (d(H) - 1)n. Thus, by assumptions, m 2 n d(H) 2 
d(G) + 1. By Lemma 2, there exists a partition of V(G) into m independent 
sets of almost equal cardinalities. Since every partition of the vertex set of 
G into independent sets corresponds to a decomposition of H into 
matchings, there is a decomposition of H into m matchings of almost equal 
sizes. 1 
Remark 1. The sizes of the matchings occuring in the decomposition in 
Lemma 3 are equal to e(H)/m if e(H) = 0 (mod m). 
Proof of the theorem. Instead of describing an appropriate 
decomposition of H we shall remove sets of edges from H inducing 
d-systems of size k until we get a hypergraph which has a decomposition 
into matchings of size k. Let M be a maximum-sized matching in H. 
Obviously, e(M) = v(H). Let H, be the hypergraph induced by 
d(H)- b(M). Remove d-systems of size k from H, as long as possible. 
Denote by H, the hypergraph obtained this way. Let x be a vertex in H, 
which has the greatest degree. Denote by H; and (n - I)-uniform 
hypergraph (U &, 4&), where g0 = {E- (x}: EE~(HJ}. Notice that Hi 
does not contain a d-system of size k. To see this, suppose that there is a 
d-system F of size k in Hi. Then a hypergraph F’ induced by { Eu {x}: 
E E d(F)) is a d-system of size k in H,, a contradiction. 
By Lemma 1, 
d(H,)=e(H;)<q(n-l,k)-l<(n-l)!(k-l)”-’-1. 
Consider a hypergraph H, = Mu H,. Obviously, d(H,) d d(H2) + 1 d 
(n - 1 )! (k - l)“- I. Thus, applying assumption (1) we get 
Moreover, according to the construction of H3, e(H,) E 0 (mod k). By 
virtue of Lemma 3 and Remark 1, H3 can be decomposed into e(H,)/k 
matchings of size k. i 
Condition (1) in the theorem cannot be substantially improved. The 
following example shows that the right-hand side of inequality (1) must be 
a polynomial of degree n with respect to k. 
EXAMPLE. Let p, n 2 2 be integers. We define n-uniform hypergraphs 
G,(p), recursively. Let G,(p) be the star of size p. Suppose that we have 
already defined G, ~ I(p). To define G,(p), take p disjoint copies of G, ~ ,(p) 
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FIGURE 1 
and adjoin a new vertex x to every edge of every copy of G, ~ ,(p). The 
graph G,(p) is obviously n-uniform, e(G,(p)) = p”- ‘, v(G,(p)) = 1, and 
G,(p) does not contain A-systems of size greater than p. The hypergraphs 
G,(2), G,(2) and G,(2) are depicted in Fig. 1. 
Consider, for k 2 3, an n-uniform hypergraph H,(k) being the disjoint 
union of G,(k - 1) and an n-uniform matching of size (k - 1)” - k. Note 
that e(H,(k))=k(k-l)“P1-k=O (modk) and v(H,(k))=(k-l)“- 
k + 1. We prove that H,(k) does not have a $&-decomposition. To this 
end notice that H,(k) does not contain a A-system of size k with a non- 
empty kernel. Therefore, it suffices to show that H,(k) does not have a 
decomposition into matchings of sizes k. Suppose that such decomposition 
exists. Then every matching in this decomposition contains at most one 
edge from G,(k- 1) (because v(G,(k- l))= 1). Thus, there are at least 
(k-l)+’ matchings of size k in this decomposition. Consequently, 
e( H,(k)) B k(k - 1 )“- ‘, a contradiction. 
Remark 2. By the transversal number t(H) of a hypergraph H we mean 
the minimum size of a subset of V(H) intersecting every edge in H. It 
follows from the inequality t(H) < nv(H) (see Berge [3, p. 4241) that 
condition (1) in the theorem can be replaced by the condition 
t(H)>nn! k(k- 1)*-I. 
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